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1. Introduction
In this paper, we consider the heat equations with nonstandard growth conditions,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(u1)t = u1 + up1(x)1 (0, t)uq2(x)2 (0, t), (x, t) ∈ BR × (0, T ),
(u2)t = u2 + up2(x)2 (0, t)uq3(x)3 (0, t), (x, t) ∈ BR × (0, T ),
...
...
(un)t = un + upn(x)n (0, t)uq1(x)1 (0, t), (x, t) ∈ BR × (0, T ),
u1 = u2 = · · · = un = 0, (x, t) ∈ ∂BR × (0, T ),
ui(x,0) = ui,0(x), i = 1,2, . . . ,n, n 2, x ∈ BR ,
(1.1)
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and smooth; T is the maximal existence time of classical solutions (obtained by [1]). ui,0(x), i =
1,2, . . . ,n, n 2 are nonnegative, radial non-increasing and vanish on the boundary. The nonstandard
growth problems, like (1.1), come from several branches of applied mathematics and physics, such as,
ﬂows of electro-rheological or thermo-rheological ﬂuids [2–4], and the processing of digital images
[5–7].
The non-simultaneous blowup in this paper means that at least one component of the n ones re-
main bounded while the others blow up in L∞-norm at some ﬁnite time. The ﬁrst non-simultaneous
blowup results for nonstandard growth problems have been discussed in [8]:
{
ut = u + exp
{
m(x)u(0, t) + p(x)v(0, t)}, (x, t) ∈ BR × (0, T ),
vt = v + exp
{
q(x)u(0, t) + n(x)v(0, t)}, (x, t) ∈ BR × (0, T ),
subject to homogeneous Dirichlet boundary conditions. In the sequel, denote, for example, p+ =
maxB¯ R p(·). The simultaneous and non-simultaneous blowup phenomena are determined completely
by the signs of (m+ − q+) and (n+ − p+) under suitable assumptions on initial data, that is,
• u blows up alone for suitable initial data if and only if m+ > q+ . v blows up alone for suitable
initial data if and only if n+ > p+ . Hence, any blowup is simultaneous if and only if m+  q+ and
n+  p+ .
• Both non-simultaneous blowup and simultaneous blowup may occur if and only if m+ > q+ and
n+ > p+ .
• Any blowup is non-simultaneous if and only if n+ > p+ and m+  q+ , or m+ > q+ and n+  p+ .
Moreover, the blowup rates are obtained for both non-simultaneous and simultaneous blowup cases.
For the scalar heat equation with nonstandard growth conditions, we refer the readers to [9–11]. The
homogeneous Dirichlet problems for parabolic equations of the form
ut = u + vq2(x), vt = v + uq1(x), (x, t) ∈ Ω × (0, T ),
have been ﬁrstly discussed by Bai and Zheng [12]. Some criteria are established for distinguishing
global and non-global solutions of the problem, depending or independent of the initial data. Espe-
cially, some Fujita-type result, as that of [11], is obtained: there exist suitable domain Ω and variable
exponents such that any solution blows up in ﬁnite time. For n-componential parabolic system with
constant exponents, Wang [13] discussed
(ui)t = ui + uqi+1i+1 , i = 1,2, . . . ,n, (x, t) ∈ Ω × (0, T ), (1.2)
subject to null Dirichlet boundary conditions, where Ω ⊂ RN is bounded; un+1 := u1, qn+1 := q1. If∏n
i=1 qi > 1 and (ui)t  0, simultaneous blowup rates are obtained as below,
c(T − t)−λi max
Ω
ui(·, t) C(T − t)−λi , i = 1,2, . . . ,n (1.3)
with positive constants λi = (1+ qi +∑n+i−2l=i+1 qi · · ·ql)/(∏ni=1 qi − 1). Pedersen and Lin [14] discussed
the localized parabolic system
(ui)t = ui + uqi+1i+1 (x0, t), i = 1,2, . . . ,n, (x, t) ∈ Ω × (0, T ), (1.4)
subject to null Dirichlet boundary conditions, where x0 is any ﬁxed point in Ω; qi  1, i = 1,2, . . . ,n;
un+1 := u1, qn+1 := q1. The blowup rates (1.3) were obtained. Moreover, boundary layer estimates
were considered.
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of two components, such as, with or without the help of the initial data, at least one group of the
n components blows up simultaneously while the others remain bounded up to blowup time, in
which at least one component in every group plays important roles in blowup of the others. One of
diﬃculties we meet with is how to classify the different blowup mechanism by using the 2n variable
exponents. Another diﬃculty is how to choose suitable initial data quantitatively in order to control
the blowup time, which satisfy some monotone and compatibility requirements. We will use new
methods and techniques to discuss blowup criteria for radial solutions.
This paper is organized as follows. Section 2 describes the main results. The critical blowup expo-
nent will be determined in Section 3. Two theorems for the existence of non-simultaneous blowup
will be proved in Sections 4 and 5, respectively. The last section show the proofs for the phenomena
where any blowup must simultaneous or non-simultaneous.
2. Main results
2.1. Critical blowup exponent
Theorem 2.1. There exists blowup solution (u1,u2, . . . ,un) for (1.1) in sense of
limsup
t→T
n∑
i=1
∥∥ui(·, t)∥∥∞ = +∞ (2.1)
if and only if the variable exponents pi(x) and qi(x) satisfy that
max
{
p+i − 1, i = 1,2, . . . ,n,
n∏
j=1
q+j −
n∏
j=1
(
1− p+j
)}
> 0. (2.2)
This result represents that critical blowup exponent of (1.1) is as follows, max{p+i − 1, i = 1,2,
. . . ,n,
∏n
j=1 q
+
j −
∏n
j=1(1 − p+j )} = 0, which shows that the maximums of variable pi(x) and qi(x)
are the key clues for determining the blowup of nonnegative solutions.
2.2. Existence of non-simultaneous blowup
We denote ξi := ξi+n if subscript i  0, r = |x| ∈ [0, R], and a set of initial data,
V0 =
{
(u1,0,u2,0, . . . ,un,0)
∣∣∣ (ui,0)rr + N − 1
r
(ui,0)r + upi(r)i,0 (0)uqi+1(r)i+1,0 (0) 0,
(ui,0)r  0, r ∈ [0, R), ui,0(0) 1, ui,0(R) = 0, i = 1,2, . . . ,n
}
.
By the comparison principle, one can obtain that (ui)t  0 and (ui)r  0, i = 1,2, . . . ,n for (r, t) ∈
[0, R]× [0, T ). Denote Ui(t) = ui(0, t) = max{ui(r, τ ), (r, τ ) ∈ [0, R]× [0, t]}. For convenience, we give
some notations
i1, i2 ∈ {1,2, . . . ,n}, i1 < i2,
k1 ∈ {0,1,2, . . . ,n + i1 − i2 − 2}, k2 ∈ {0,1,2, . . . , i2 − i1 − 1},
αi2 =
1
p+i2 − 1
, αμ =
1− q+μ+1αμ+1
p+μ − 1
, μ = i2 − 1, i2 − 2, . . . , i1 − k1,
βi1 =
1
p+ − 1 , βν =
1− q+ν+1βν+1
p+ν − 1
, ν = i1 − 1, i1 − 2, . . . , i1 − k1.i1
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for suitable initial data.
Theorem 2.2. Let k2 ∈ {0,1,2, . . . , i2 − i1 − 2}. Assume that αi2 > 0, αμ > 0, p+μ < 1, μ = i2 − 1,
i2 − 2, . . . , i2 − k2 , q+i2−k2αi2−k2 < 1, and βi1 > 0, βν > 0, p+ν < 1, ν = i1 − 1, i1 − 2, . . . , i1 − k1 ,
q+i1−k1βi1−k1 < 1. Then there exist initial data in V0 for small R such that u j , j = i1 − k1, i1 − k1 + 1,
. . . , i1, i2 − k2, i2 − k2 + 1, . . . , i2 blow up simultaneously while the other components remain bounded up to
time T .
The conditions above imply the different mechanisms and relationships among the different com-
ponents. For example, αi2 = 1p+i2−1
> 0, αμ = 1−q
+
μ+1αμ+1
p+μ−1 > 0, p
+
μ < 1, μ = i2 − 1, i2 − 2, . . . , i2 − k2
means that uμ cannot blow up by itself (for p+μ < 1), the blowup of which recurs to the help of uμ+1
(for q+μ+1αμ+1 > 1, μ = i2 − 1, i2 − 2, . . . , i2 − k2), while q+i2−k2αi2−k2 < 1 means that ui2−k2 cannot
help the blowup of ui2−k2−1.
We have a corollary as follows, where there exist initial data such that one component blows up
and can help some others blow up with it.
Corollary 2.1. Let k2 ∈ {0,1,2, . . . ,n − 2}. Assume that αi2 > 0, αμ > 0, p+μ < 1, μ = i2 − 1, i2 − 2, . . . ,
i2 − k2 , q+i2−k2αi2−k2 < 1. Then there exist initial data in V0 such that u j , j = i2 − k2, i2 − k2 + 1, . . . , i2 ,
blow up simultaneously while the other components remain bounded.
It can be found that there exist initial data such that ui , i ∈ {1,2, . . . ,n} blows up while the other
(n−1) ones remain bounded if and only if q+i +1 < p+i . The following result can be obtained directly.
Corollary 2.2. Any blowup must be the case of at least two components blowing up simultaneously if and only
if p+i  q
+
i + 1, i = 1,2, . . . ,n.
There is another theorem on the existence of non-simultaneous blowup.
Theorem 2.3. Let k2 = i2 − i1 − 1. Assume that αi2 > 0, βi1 > 0, αi1 > 0, p+μ < 1, αμ > 0, μ = i2 − 1,
i2 − 2, . . . , i2 − k2, i1 − 1, i1 − 2, . . . , i1 − k1 , q+i1−k1βi1−k1 < 1. Then there exist initial data in V0 for small
R such that u j , j = i1 − k1, i1 − k1 + 1, . . . , i2 blow up simultaneously while the other components remain
bounded.
The blowup components in Theorems 2.2 and 2.3 can be divided into two groups, where only one
component in each group can blow up by itself and help the others blow up simultaneously with
it. Combining Corollary 2.1, one can ﬁnd that, in the exponent regions of Theorems 2.2 and 2.3, the
blowup properties depend sensitively on the choosing of initial data even with the same variable
exponents. In fact, there exist initial data such that u j , j = i1 − k1, i1 − k1 + 1, . . . , i1 blow up simul-
taneously, u j , j = i2 − k2, i2 − k2 + 1, . . . , i2 blow up simultaneously, while, in some betweenness, u j ,
j = i1 − k1, i1 − k1 + 1, . . . , i1, i2 − k2, i2 − k2 + 1, . . . , i2 blow up simultaneously.
2.3. Any blowup must be simultaneous or non-simultaneous
In this subsection, we will show the exponent regions where any blowup must be simultaneous
or non-simultaneous. For i ∈ {1,2, . . . ,n} and k ∈ {0,1, . . . ,n − 1}, deﬁne a subset of V0 as follows,
Wi,k =
{
(u1,0,u2,0, . . . ,un,0) ∈V0
∣∣u j,0(0) + up+jj,0(0)uq+j+1j+1,0(0) > 0, j = i, i − 1, . . . , i − k}.
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+
m  1 < p+i , m = 1,2, . . . , i − 1,
i + 1, . . . ,n. If k ∈ {0,1, . . . ,n − 1}, α j := 1−q
+
j+1α j+1
p+j −1
> 0, p+j < 1, j = i − 1, i − 2, . . . , i − k, q+i−kαi−k < 1,
and (u1,0,u2,0, . . . ,un,0) ∈Wi,k, then any blowup must be the case of ui−k,ui−k+1, . . . ,ui blowing up simul-
taneously while the other (n − k − 1) components remaining bounded.
Theorem 2.4 shows that any blowup must be the case of k + 1 (k ∈ {0,1, . . . ,n − 1}) components
blowing up while the other (n − k − 1) ones remaining bounded. It is interesting that, if we restrict
k ∈ {0,1, . . . ,n − 3} in Theorem 2.4, then p+i+1 can be extended from p+i+1  1 to 1 < p+i+1 < q+i+1 + 1,
which can be seen in the following theorem.
Theorem 2.5. Fix i ∈ {1,2, . . . ,n} and deﬁne βi = 1p+i −1 . Assume p
+
m  1 < p+i , m = 1,2, . . . , i − 1,
i + 2, . . . ,n and 1 < p+i+1 < q+i+1 + 1. If k ∈ {0,1, . . . ,n − 3}, β j :=
1−q+j+1β j+1
p+j −1
> 0, p+j < 1, j = i − 1,
i − 2, . . . , i − k, q+i−kβi−k < 1, and (u1,0,u2,0, . . . ,un,0) ∈ Wi,k, then any blowup must be the case of
ui−k,ui−k+1, . . . ,ui blowing up simultaneously while the other (n − k − 1) components remaining bounded.
We show another result for simultaneous blowup of n( 2) components.
Theorem 2.6. If p+1 , p
+
2 , . . . , p
+
n  1 and
∏n
j=1 q
+
j −
∏n
j=1(1− p+j ) > 0, then any blowup must be the case
of u1,u2, . . . ,un blowing up simultaneously.
3. Proof of Theorem 2.1
Proof of Theorem 2.1. Firstly, we prove the necessity. Assume (2.2) does not hold. For any initial data
(u1,0,u2,0, . . . ,un,0), there exists (u¯1,0, u¯2,0, . . . , u¯n,0) satisfying
u¯i,0  ui,0, u¯i,0 + u¯p
+
i
i,0 (0)u¯
q+i+1
i+1,0(0) 0 in BR , u¯i,0(0) > 1, i = 1,2, . . . ,n.
Introduce an auxiliary problem
⎧⎪⎨
⎪⎩
(u¯i)t = u¯i + u¯p
+
i
i (0, t)u¯
q+i+1
i+1 (0, t), (x, t) ∈ BR × (0, T¯ ),
u¯i = 0, (x, t) ∈ ∂BR × (0, T¯ ),
u¯i(x,0) = u¯i,0(x), x ∈ BR .
(3.1)
One can ﬁnd out that u¯i(0, t) 1, and if max{p+i − 1, i = 1,2, . . . ,n,
∏n
j=1 q
+
j −
∏n
j=1(1− p+j )} 0,
then positive solutions of (3.1) remain global. In fact, construct functions
u˜i(x, t) = Clielit, i = 1,2, . . . ,n, t  0, (3.2)
where constant C and li  1 satisfy
C = 1+
n∑
‖u¯i,0‖∞, 1− pi
qi+1
 li+1
li
, i = 1,2, . . . ,n.
i=1
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⎧⎪⎨
⎪⎩
(u˜i)t u˜i + u˜p
+
i
i (0, t)u˜
q+i+1
i+1 (0, t), (x, t) ∈ BR × (0,+∞),
u˜i  0, (x, t) ∈ ∂BR × (0,+∞),
u˜i(x,0) u¯i,0(x), x ∈ BR .
By the comparison principle and (3.2), positive solution (u¯1, u¯2, . . . , u¯n) of (3.1) remain global.
It can be checked that
(u¯i)t u¯i + u¯pi(x)i (0, t)u¯qi+1(x)i+1 (0, t), (x, t) ∈ BR × (0,+∞).
By the comparison principle, there is ui(x, t)  u¯i(x, t) for (x, t) ∈ BR × (0,+∞), and hence positive
solutions of (1.1) remain global.
Now, we show the proof for the suﬃciency. Assume (2.2) holds. For the continuity and the radial
decreasing of pi(x) and qi(x), there exists some constant r0 ∈ (0, R) such that
max
{
pi(r0) − 1, i = 1,2, . . . ,n,
n∏
j=1
q j(r0) −
n∏
j=1
(
1− p j(r0)
)}
> 0. (3.3)
Take functions ui,0(x), i = 1,2, . . . ,n, satisfying that
ui,0(0) 1, ui,0(x) + upi(r0)i,0 (0)uqi+1(r0)i+1,0 (0) 0 in Br0 , ui,0(r0) = 0. (3.4)
Introduce an auxiliary problem
⎧⎪⎨
⎪⎩
(ui)t = ui + upi(r0)i (0, t)uqi+1(r0)i+1 (0, t), (x, t) ∈ Br0 × (0, T ),
ui = 0, (x, t) ∈ ∂Br0 × (0, T ),
ui(x,0) = ui,0(x), x ∈ Br0 .
(3.5)
By the comparison principle and (3.4), one can obtain that (ui)t  0 in Br0 × (0, T ), and hence
ui(0, t) 1. Due to (3.5) and the radial decreasing of pi(x) and qi(x),
⎧⎪⎨
⎪⎩
(ui)t ui + upi(x)i (0, t)uqi+1(x)i+1 (0, t), (x, t) ∈ Br0 × (0, T ),
ui = 0, (x, t) ∈ ∂Br0 × (0, T ),
ui(x,0) = ui,0(x), x ∈ Br0 .
Taking ui(x,0) ui(x,0) in Br0 , we have ui(x, t) ui(x, t) for (x, t) ∈ Br0 × (0, T ) by the comparison
principle. For the parabolic system (3.5) with constant exponents, one can easily check that, if (3.3)
holds, the classical solutions blow up in ﬁnite time. Hence, there exist initial data such that radial
solutions of (1.1) blow up in ﬁnite time by the comparison principle. In fact, because of the nonlinear
upi(r0)i (0, t) for pi(r0) > 1, ui(0, t) may blow up at some ﬁnite time by itself (see, for example, [11]).
Similar to the methods used for subcase (iii) of the theorem in [15], one can obtain that the solutions
of (3.5) blow up for large initial data in sense of (2.1) if pi(r0) 1, i = 1,2, . . . ,n and ∏nj=1 q j(r0) >∏n
j=1(1− p j(r0)). 
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Now, we prove Theorem 2.2. Without loss of generality, we only consider the case for
i1 = n − 2, i2 = n, k1 = 1, k2 = 0. (4.1)
The other cases of Theorem 2.2 can be proved similarly. Under the assumption (4.1), Theorem 2.2
turns into
Theorem 4.1. Assume that
αn = 1
p+n − 1
> 0, q+n αn < 1, βn−2 =
1
p+n−2 − 1
> 0, p+n−1 < 1,
p+n−3 < 1, βn−3 =
1− q+n−2βn−2
p+n−3 − 1
> 0, q+n−3βn−3 < 1.
Then there exist initial data in V0 for small R such that un−3 , un−2 , and un blow up simultaneously while the
other components remain bounded up to blowup time T .
Construct a subset of V0 as follows,
V1 =
{
(u1,0,u2,0, . . . ,un,0) ∈V0
∣∣ui,0(0) + up+ii,0 (0)uq+i+1i+1,0(0) > 0, i = n − 3,n − 2,n}.
For some (u˘1,0, u˘2,0, . . . , u˘n,0) ∈V1, deﬁne another subset of V0 as follows,
V2 =
{(
u˘1,0, u˘2,0, . . . , u˘n−3,0,
u˘n−2,0
(1− λ1)λ2 ,
u˘n−1,0
λ1
,
u˘n,0
(1− λ1)(1− λ2)
) ∣∣∣ λ1, λ2 ∈ (0,1)
}
.
It is easy to check that, if p+n−2, p+n > 1 and p
+
n−3 < 1, then V2 ⊂V1, that is, every initial data coming
from V2 satisfy (4.3) with i = n − 3,n − 2,n.
Remark 4.1. For p+n−2, p+n > 1, there exist constants ε1 ∈ (0,1) and r1 ∈ (0, R) such that
β ′n−2 =
1
pn−2(r1) − 1 > 0, α
′
n =
1
pn(r1) − 1 > 0, q
+
n α
′
n < 1,
β ′n−3 =
1− q+n−2β ′n−2
p+n−3 − 1
> 0, q+n−3β
′
n−3 < 1, qn−2(r1)βn−2 > 1,
and
u˘ j,0(x) + u˘p j(x)j,0 (0)u˘
q j+1(x)
j+1,0 (0) εϕ(x)u˘
p j(r1)
j,0 (0)u˘
q j+1(r1)
j+1,0 (0), x ∈ Br1 (4.2)
for j = n − 3,n − 2,n, where ϕ(x) 0 is the ﬁrst eigenfunction of −ϕ = λϕ in Br1 , ϕ = 0 on ∂Br1 ,
and ‖ϕ‖∞ = 1. Then one can check that every initial data in V2 satisﬁes (4.2).
We use ﬁve lemmas to prove Theorem 4.1.
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ui,0(0) + up
+
i
i,0 (0)u
q+i+1
i+1,0(0) > 0, (4.3)
then there exist constants ε ∈ (0,1) and r0 ∈ (0, R) such that
(ui)t(0, t) εφ(0, T )upi(r0)i (0, t)u
qi+1(r0)
i+1 (0, t), t ∈ (0, T ), (4.4)
where φ solves φt = φ in Br0 × (0, T ), φ = 0 on ∂Br0 × (0, T ), and φ(x,0) = ϕ(x) in Br0 with ϕ  0 as the
ﬁrst eigenfunction of −ϕ = λϕ in Br0 and ϕ = 0 on ∂Br0 , and ‖ϕ‖∞ = 1. If pi(r0) > 1, then there exists
some constant C0 > 0 such that
Ui(t) C0(T − t)−
1
pi (r0)−1 , t ∈ (0, T ), C0 = C0
(
ε, pi(r0),qi+1(r0)
)
. (4.5)
Proof. Since (4.3) holds, there exist constants ε ∈ (0,1) and r0 ∈ (0, R) such that
ui,0(x) + upi(x)i,0 (0)uqi+1(x)i+1,0 (0) εϕ(x)upi(r0)i,0 (0)uqi+1(r0)i+1,0 (0), (x, t) ∈ Br0 × (0, T ).
Deﬁne a function J (x, t) = (ui)t(x, t) − εφ(x, t)upi(r0)i (0, t)uqi+1(r0)i+1 (0, t). For ui(0, t), ui+1(0, t) > 1,
Jt −  J =
(
(ui)t − ui
)
t − εφpi(r0)upi(r0)−1i (0, t)(ui)t(0, t)u
qi+1(r0)
i+1 (0, t)
− εφqi+1(r0)upi(r0)i (0, t)(ui+1)t(0, t)uqi+1(r0)−1i+1 (0, t)
= pi(x)upi(x)−1i (0, t)(ui)t(0, t)uqi+1(x)i+1 (0, t)
+ qi+1(x)upi(x)i (0, t)uqi+1(x)−1i+1 (0, t)(ui+1)t(0, t)
− εφpi(r0)upi(r0)−1i (0, t)(ui)t(0, t)uqi+1(r0)i+1 (0, t)
− εφqi+1(r0)upi(r0)i (0, t)(ui+1)t(0, t)uqi+1(r0)i+1 (0, t)
 0, (x, t) ∈ Br0 × (0, T ),
moreover, J (x,0) 0 for x ∈ Br0 , and J (x, t) = 0 for (x, t) ∈ ∂Br0 × (0, T ). By the comparison principle,
J (x, t) 0 for (x, t) ∈ Br0 × (0, T ). Hence,
(ui)t(0, t) εφ(0, T )upi(r0)i (0, t)u
qi+1(r0)
i+1 (0, t) cu
pi(r0)
i (0, t).
If pi(r0) > 1, ui(x, t) Ui(t) C0(T − t)−
1
pi (r0)−1 , (x, t) ∈ BR × [0, T ). 
Lemma 4.2. Under the conditions of Theorem 4.1, there exists λ¯1 ∈ (1/2,1) such that any blowup must be
non-simultaneous with u j , j = 1,2, . . . ,n − 4,n − 1 remaining bounded if the initial data in V2 satisfying
λ1 = λ¯1 and any λ2 ∈ (0,1).
Proof. Consider the auxiliary problem
⎧⎪⎨
⎪⎩
(un−2)t = un−2 + upn−2(x)n−2 (0, t)u˘qn−1(x)n−1,0 (0), (x, t) ∈ BR × (0, T n−2),
un−2 = 0, (x, t) ∈ ∂BR × (0, Tn−2),
u (x,0) = u (x), x ∈ B ,
(4.6)n−2 n−2,0 R
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M j > u˘ j,0(0), j = 1,2, . . . ,n − 4, Mn−1 > 2u˘n−1,0(0), Mn−3 >
M
p+n−3
n−3 C˜
q+n−2
0
β ′n−3
,
where C˜0 = max{C0(ε, pn−2(r0),qn−1(r0)),C0(ε, pn(r0),q1(r0))}. Due to (4.6), there must exist λ¯1 ∈
(1/2,1) such that, if λ1 = λ¯1, then Tn−2 satisﬁes
u˘n−3,0(0)T
β ′n−3
n−2 +
M
p+n−3
n−3 C˜
q+n−2
0
β ′n−3
 Mn−3, (4.7)
u˘n−4,0(0) +
T
1−q+n−3β ′n−3
n−2
1− q+n−3β ′n−3
M
q+n−3
n−3 M
p+n−4
n−4  Mn−4, (4.8)
u˘ j,0(0) + Tn−2Mp
+
j
j M
q+j+1
j+1  M j, j = 1,2, . . . ,n − 5, (4.9)
2u˘n−1,0(0) +
C˜q
+
n
0 M
p+n−1
n−1
1− q+n α′n
T
1−q+n α′n
n−2  Mn−1. (4.10)
Because un−2,0(x) = u˘n−2,0(x)1−λ1 
u˘n−2,0(x)
(1−λ1)λ2 = un−2,0(x), we have un−2  un−2 by the comparison princi-
ple, and the blowup time T of (1.1) satisﬁes T  Tn−2. In addition, T satisﬁes (4.7)–(4.10) instead of
Tn−2.
Consider the following problem
⎧⎪⎨
⎪⎩
(u¯n−3)t = u¯n−3 + Mp
+
n−3
n−3 C˜
q+n−2
0 (T − t)−p
+
n−3β ′n−3−q+n−2β ′n−2 , (x, t) ∈ BR × (0, T ),
u¯n−3 = 0, (x, t) ∈ ∂BR × (0, T ),
u¯n−3(x,0) = u˘n−3,0(x), x ∈ BR .
(4.11)
Due to p+n−3 < 1,
u¯n−3  u˘n−3,0(0) + Mp
+
n−3
n−3 C˜
q+n−2
0
t∫
0
(T − τ )−p+n−3β ′n−3−q+n−2β ′n−2 dτ  Mn−3(T − t)−β ′n−3 .
Then (u¯n−3)t  u¯n−3 + u¯p
+
n−3
n−3 (0, t)C˜
q+n−2
0 (T − t)−β
′
n−2q
+
n−2 in BR × (0, T ) from (4.11). By Lemma 4.1,
there is un−2  C˜0(T − t)−β ′n−2 . un−3 satisﬁes (un−3)t  un−3 + up
+
n−3
n−3 (0, t)C˜
q+n−2
0 (T − t)−q
+
n−2β ′n−2 in
BR × (0, T ). By the comparison principle, un−3  u¯n−3  Mn−3(T − t)−β ′n−3 in BR × (0, T ).
Consider the auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n−4)t = u¯n−4 + Mp
+
n−4
n−4 M
q+n−3
n−3 (T − t)−q
+
n−3β ′n−3 , (x, t) ∈ BR × (0, T ),
u¯n−4 = 0, (x, t) ∈ ∂BR × (0, T ),
u¯ (x,0) = u˘ (x), x ∈ B .n−4 n−4,0 R
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(u¯n−4)t u¯n−4 + u¯p
+
n−4
n−4 (0, t)M
q+n−3
n−3 (T − t)−q
+
n−3β ′n−3 in BR × (0, T ).
By (1.1) and un−3  Mn−3(T − t)−β ′n−3 , (un−4)t  un−4 + up
+
n−4
n−4 (0, t)M
q+n−3
n−3 (T − t)−q
+
n−3β ′n−3 in BR ×
(0, T ). Hence, un−4  u¯n−4  Mn−4 in BR × (0, T ).
Consider another auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n−5)t = u¯n−5 + Mp
+
n−5
n−5 M
q+n−4
n−4 , (x, t) ∈ BR × (0,+∞),
u¯n−5 = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n−5(x,0) = u˘n−5,0(x), x ∈ BR .
We have u¯n−5  u˘n−5,0(0) + TMp
+
n−5
n−5 M
q+n−4
n−4  Mn−5 in BR × (0, T ). Then
(u¯n−5)t u¯n−5 + u¯p
+
n−5
n−5 (0, t)M
q+n−4
n−4 in BR × (0, T ).
By (1.1) and un−4  Mn−4 in BR × (0, T ), un−5 satisﬁes (un−5)t un−5 + up
+
n−5
n−5 (0, t)M
q+n−4
n−4 in BR ×
(0, T ). Hence, un−5  u¯n−5  Mn−5 in BR × (0, T ). The boundedness of u j , j = 1,2, . . . ,n − 6 can be
proved similarly.
Consider the following problem
⎧⎪⎪⎨
⎪⎪⎩
(u¯n−1)t = u¯n−1 + Mp
+
n−1
n−1 C˜
q+n
0 (T − t)−q
+
n α
′
n , (x, t) ∈ BR × (0, T ),
u¯n−1 = 0, (x, t) ∈ ∂BR × (0, T ),
u¯n−1(x,0) = u˘n−1,0(x)λ¯1 , x ∈ BR .
For q+n α′n < 1, we have u¯n−1  Mn−1. Then (u¯n−1)t  u¯n−1 + u¯
p+n−1
n−1 (0, t)C˜
q+n
0 (T − t)−q
+
n α
′
n in BR ×
(0, T ). By Lemma 4.1, Un(t)  C˜0(T − t)−α′n for t ∈ (0, T ). So un−1 satisﬁes (un−1)t  un−1 +
u
p+n−1
n−1 (0, t)C˜
q+n
0 (T − t)−q
+
n α
′
n in BR × (0, T ). By the comparison principle, un−1  u¯n−1  Mn−1 in
BR × (0, T ). 
Lemma 4.3. Assume the conditions of Theorem 4.1 hold. For the ﬁxed λ¯1 ∈ (1/2,1) in Lemma 4.2, there exists
λ′2 ∈ (0,1/2) such that only un−3 and un−2 blow upwith the initial data inV2 satisfying λ1 = λ¯1 and λ2 = λ′2 .
Proof. Consider the auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n)t = u¯n + Mp
+
n
n M
q+1
1 , (x, t) ∈ BR × (0,+∞),
u¯n = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n(x,0) = u¯n,0(x), x ∈ BR ,
(4.12)
where M1 is deﬁned in Lemma 4.2, Mn >
2u˘n,0(0)
1−λ¯1 and u¯n,0(x) =
u˘n,0(x)
(1−λ¯1)(1−λ2) with λ2 to be deter-
mined. Assume the initial data of auxiliary system (4.6) satisﬁes un−2,0(x) = u˘n−2,0(1−λ¯1)λ2 with λ2 to be
determined. For (4.6), there exists λ′2 ∈ (0,1/2) such that, if λ2 = λ′2, Tn−2 satisﬁes Mn  2u˘n,0(0)¯ +1−λ1
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+
n
n M
q+1
1 Tn−2. We have un−2  un−2, and hence T  Tn−2. So Mn 
2u˘n,0(0)
1−λ1 + M
p+n
n M
q+1
1 T . Consider-
ing problem (4.12) in [0, T ), we have u¯n  Mn in BR × (0, T ). Then (u¯n)t  u¯n + u¯p
+
n
n (0, t)M
q+1
1 in
BR × (0, T ). By u1  M1, un satisﬁes (un)t un + up
+
n
n (0, t)M
q+1
1 in BR × (0, T ). Then un  u¯n  Mn
for (x, t) ∈ BR × (0, T ).
We claim that un−2 and un−3 remain the same blowup property. In fact, if un−2 blows up, then
one can obtain that un−2(0, t) c(T − t)−βn−2 . From Remark 4.1, we have
(un−3)t(0, t) ε1φ(0, T )upn−3(r1)n−3 (0, t)u
qn−2(r1)
n−2 (0, t).
Then un−3 also blows up at T for qn−2(r1)βn−2 > 1. If un−2 is bounded, then un−3 also remains
bounded for p+n−3 < 1. Then un−2 and un−3 blow up simultaneously. 
Lemma 4.4. Assume the conditions of Theorem 4.1 hold. For the ﬁxed λ1 = λ¯1 in Lemma 4.2, there exists
λ′′2 ∈ (1/2,1) such that only un blows up with the initial data in V2 satisfying λ1 = λ¯1 and λ2 = λ′′2 .
Proof. Consider the auxiliary problem
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(un)t = un + upn(x)n (0, t)u˘q1(x)1,0 (0), (x, t) ∈ BR × (0, Tn),
un = 0, (x, t) ∈ ∂BR × (0, Tn),
un(x,0) = u˘n,0(x)
(1− λ¯1)(1− λ2)
, x ∈ BR
with λ2 to be determined. Take Mn−2 > 2u˘n−2,0(0)1−λ¯1 . There exists λ
′′
2 ∈ (1/2,1) such that, if λ2 = λ′′2, then
Tn satisﬁes that
2u˘n−2,0(0)
1− λ¯1
+ Mp
+
n−2
n−2 M
q+n−1
n−1 Tn  Mn−2
with Mn−1 deﬁned in Lemma 4.2. Choose the initial data in V2 with λ1 = λ¯1 and λ2 = λ′′2, then
un  un , T  Tn , so
2u˘n−2,0(0)
1− λ¯1
+ Mp
+
n−2
n−2 M
q+n−1
n−1 T  Mn−2.
Consider the auxiliary problem
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(u¯n−2)t = u¯n−2 + Mp
+
n−2
n−2 M
q+n−1
n−1 , (x, t) ∈ BR × (0,+∞),
u¯n−2 = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n−2(x,0) = 2u˘n−2,0(x)
1− λ1 , x ∈ BR .
(4.13)
Consider problem (4.13) in [0, T ). By Green’s identity, we have
u¯n−2 
2u˘n−2,0(0) + Mp
+
n−2
n−2 M
q+n−1
n−1 T  Mn−2.1− λ1
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+
n−2
n−2 (0, t)M
q+n−1
n−1 in BR × (0, T ). By un−1  Mn−1 in BR × (0, T ), un−2 satisﬁes
(un−2)t un−2 + up
+
n−2
n−2 (0, t)M
q+n−1
n−1 in BR × (0, T ). So by the comparison principle, un−2 is bounded,
and then un−3 is also bounded. That means un is the blowup component. 
Lemma 4.5. (i) The initial data set in V1 such that, for small R, un−3 and un−2 blow up simultaneously at
some time T while the others remain bounded is open in L∞-topology.
(ii) The initial data set in V1 such that un blows up at some time T while the others remain bounded is
open in L∞-topology.
Proof. We only prove case (i). Case (ii) can be proved similarly. Assume (u1,u2, . . . ,un) be the blowup
solution of (1.1) with (u1,0,u2,0, . . . ,un,0) ∈ V1, satisfying that un−3 and un−2 blow up simultane-
ously at T while the others remain bounded. Let 0 < 2ξ  u j  M , j = 1,2, . . . ,n − 4,n − 1,n. It
suﬃces to prove that there exists a neighborhood of (u1,0,u2,0, . . . ,un,0) in V1 such that every so-
lution (uˆ1, uˆ2, . . . , uˆn) coming from it satisﬁes that uˆn−3 and uˆn−2 blow up simultaneously in ﬁnite
time while the others remain bounded. Take constants S j > 2M + 2ξ , j = 1,2, . . . ,n − 4,n − 1,n. Let
(u˜1, u˜2, . . . , u˜n) solve
⎧⎪⎨
⎪⎩
(u˜ j)t = u˜ j + u˜p j(x)j (0, t)u˜
q j+1(x)
j+1 (0, t), (x, t) ∈ BR × (0, T0),
u˜ j = 0, (x, t) ∈ ∂BR × (0, T0),
u˜ j(x,0) = u˜ j,0(x), x ∈ BR , j = 1,2, . . . ,n,
where (u˜1,0, u˜2,0, . . . , u˜n,0) is to be determined in V1. One can obtain that u˜n−2(0, t) C˜0(T0−t)−β ′n−2
by Lemma 4.1. Due to Green’s identity, we have
u˜n−3(0, t) η0u˜n−3(0, t) +
C˜
q+n−2
0 u˜
p+n−3
n−3 (0, t)
β ′n−3(1− p+n−3)
(T0 − t)−β ′n−3(1−p+n−3),
where
∫
BR
Γ dy = η0 < 1 and Γ is the fundamental solution of heat equation (see [1,16]). Denote
N (u1,0,u2,0, . . . ,un,0) =
{
(u˜1,0, u˜2,0, . . . , u˜n,0) ∈V0
∣∣ ∥∥u˜ j,0(x) − u j(x, T − ε0)∥∥∞ < ξ, 1 j  n}.
For ﬁxed ξ > 0, there exists constant ε0 > 0 such that, if (u˜1,0, u˜2,0, . . . , u˜n,0) ∈N (u1,0,u2,0, . . . ,un,0),
then T0 satisﬁes
Sn−4  2M + 2ξ + 1
1− q+n−3β ′n−3
S
p+n−4
n−4 S
q+n−3
n−3 T
1−q+n−3β ′n−3
0 ,
S j  2M + 2ξ + Sp
+
j
j S
q+j+1
j+1 T0, j = 1,2, . . . ,n − 5,n − 1,n,
where constant Sn−3 is deﬁned in the following estimate
u˜n−3(0, t)
[
(1− η0)−1 C˜
q+n−2
0
β ′ (1− p+ )
] 1
1−p+n−3 (T0 − t)−β ′n−3 := Sn−3(T0 − t)−β ′n−3 .
n−3 n−3
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⎧⎪⎨
⎪⎩
(u¯n−4)t = u¯n−4 + Sp
+
n−4
n−4 S
q+n−3
n−3 (T0 − t)−q
+
n−3β ′n−3 , (x, t) ∈ BR × (0, T0),
u¯n−4 = 0, (x, t) ∈ ∂BR × (0, T0),
u¯n−4(x,0) = u¯n−4,0(x), x ∈ BR ,
where radial u¯n−4,0 satisﬁes that u¯n−4,0(0) = 2u˜n−4,0(0); u¯n−4,0  u˜n−4,0 in BR . By Green’s identity,
we have
u¯n−4  2M + 2ξ +
S
qn−3
n−3 S
p+n−4
n−4 T
1−q+n−3β ′n−3
0
1− q+n−3β ′n−3
 Sn−4.
So (u¯n−4)t u¯n−4 + u¯p
+
n−4
n−4 (0, t)S
q+n−3
n−3 (T0 − t)−q
+
n−3β ′n−3 in BR × (0, T0). For u˜n−3  Sn−3(T0 − t)−β ′n−3 ,
u˜n−4 satisﬁes (u˜n−4)t u˜n−4 + u˜p
+
n−4
n−4 (0, t)S
q+n−3
n−3 (T0 − t)−q
+
n−3β ′n−3 in BR × (0, T0). Then by the com-
parison principle, we have u˜n−4  u¯n−4  Sn−4 in BR × (0, T0).
Next, consider another problem
⎧⎪⎨
⎪⎩
(u¯n−5)t = u¯n−5 + Sp
+
n−5
n−5 S
q+n−4
n−4 , (x, t) ∈ BR × (0,+∞),
u¯n−5 = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n−5(x,0) = u¯n−5,0(x), x ∈ BR ,
where radially symmetric u¯n−5,0 satisﬁes u¯n−5,0(0) = 2u˜n−5,0(0); u¯n−5,0  u˜n−5,0 in BR . We also ob-
tain u˜n−5  u¯n−5  Sn−5 in BR × (0, T0). Similarly, u˜ j , j = n−6,n−7, . . . ,1,n,n−1 remain bounded.
By the similar method of Lemma 4.3, u˜n−3 and u˜n−2 blow up simultaneously at T0.
According to the continuity with respect to initial data for bounded solutions, there must exist a
neighborhood N1(⊂V1) of (u1,0,u2,0, . . . ,un,0) such that every solution (uˆ1, uˆ2, . . . , uˆn) starting from
N1 will enter N (u1,0,u2,0, . . . ,un,0) at time T − ε0, and then keeps the property that uˆn−3 and uˆn−2
blow up simultaneously while the others still remain bounded. 
Proof of Theorem4.1. Lemma 4.2 says there exists λ¯1 ∈ (1/2,1) such that, if λ1 = λ¯1, then any blowup
must be non-simultaneous blowup with u j , j = 1,2, . . . ,n − 4,n − 1 remaining bounded. We know
from Lemma 4.3 that there exists λ′2 ∈ (0,1/2) such that the solution of (1.1) with the initial data
in V2 satisfying λ1 = λ¯1 and λ2 = λ′2 blows up non-simultaneously, where un−3,un−2 blow up si-
multaneously and the others are bounded. Lemma 4.4 guarantees that there exists λ′′2 ∈ (1/2,1) such
that un blows up alone with the initial data in V2 where λ1 = λ¯1 and λ2 = λ′′2. Obviously, the sets
of the initial data in V2 such that only un−3,un−2 blow up simultaneously and that un blows up
alone are all open by Lemma 4.5. Notice that V2 is connected. So there must exist initial data (suit-
able λ¯2 ∈ (λ′2, λ′′2)) such that un−3, un−2, and un blow up simultaneously while the others remain
bounded. 
5. Proof of Theorem 2.3
In order to prove Theorem 2.3, without loss of generality, we consider the case
i1 = n − 1, i2 = n, k1 = 1, k2 = 0. (5.1)
Denote βn−1 = 1/(p+n−1 − 1) and βn−2 = (1− q+n−1βn−1)/(p+n−2 − 1). Under the assumption (5.1), The-
orem 2.3 turns into
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αn = 1
p+n − 1
> 0, p+n−1 > 1, p
+
n−2 < 1, αn−1 =
1− q+n αn
p+n−1 − 1
> 0,
αn−2 =
1− q+n−1αn−1
p+n−2 − 1
> 0, q+n−2βn−2 < 1.
Then there exist initial data in V0 for small R such that un−2 , un−1 , and un blow up simultaneously while the
other components remain bounded.
It is easy to see that βn−1 > αn−1 and βn−2 > αn−2. So q+n−2βn−2 < 1 deduces that q
+
n−2αn−2 < 1.
In order to prove Theorem 5.1, we introduce a subset of V0 as follows,
V3 =
{
(u1,0,u2,0, . . . ,un,0) ∈V0
∣∣ui,0(0) + up+ii,0 (0)uq+i+1i+1,0(0) > 0, i = n − 2,n − 1,n}.
For some (uˆ1,0, uˆ2,0, . . . , uˆn,0) ∈V3 and δ ∈ (0,1), deﬁne
V4(δ)
=
{(
uˆ1,0, uˆ2,0, . . . , uˆn−3,0,
uˆn−2,0
λ1
,
uˆn−1,0
λ2(1− λ1) ,
uˆn,0
(1− λ1)(1− λ2)
) ∣∣∣ λ1 ∈ (δ,1), λ2 ∈ (0,1)
}
.
Remark 5.1. For p+n−1, p+n > 1, there exist constants ε2 ∈ (0,1) and r2 ∈ (0, R) such that α′n =
1
pn(r2)−1 > 0, β
′
n−1 = 1pn−1(r2)−1 > 0, α′n−1 =
1−q+n α′n
p+n−1−1
> 0, qn−1(r2)α′n−1 > 1, β ′n−2 =
1−q+n−1β ′n−1
p+n−2−1
> 0,
q+n−2β ′n−2 < 1, and
uˆ j,0(x) + uˆp j(x)j,0 (0)uˆ
q j+1(x)
j+1,0 (0) ε2ϕ(x)uˆ
p j(r2)
j,0 (0)uˆ
q j+1(r2)
j+1,0 (0) in Br2 (5.2)
for j = n−2,n−1,n. One can check that there exists a δ0 > 1/2 such that every initial data in V4(δ0)
satisﬁes (5.2), hence V4(δ0) ⊂V3.
We use four lemmas to prove Theorem 5.1.
Lemma 5.1. Under the conditions of Theorem 5.1, there exists λ¯1 ∈ (δ0,1) such that any blowup must be non-
simultaneous blowup with u1,u2, . . . ,un−3 remaining bounded for any initial data satisfying λ1 = λ¯1 and
any λ2 ∈ (0,1) in V4 .
Proof. By Lemma 3.1, there is
un−1  Cˆ0(T − t)−β ′n−1 ,
where Cˆ0 = max{C(ε2, pn−1(r2),qn(r2)),C(ε2, pn(r2),q1(r2))}. Take
M j > uˆ j,0(0), j = 1,2, . . . ,n − 3, Cn−2 >
[
1
β ′
Cˆ
q+n−1
0
] 1
1−p+n−2 .n−2
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⎧⎪⎨
⎪⎩
(un−1)t = un−1 + upn−1(x)n−1 (0, t)uˆqn(x)n,0 (0), (x, t) ∈ BR × (0, Tn−1),
un−1 = 0, (x, t) ∈ ∂BR × (0, Tn−1),
un−1(x,0) = un−1,0(x), x ∈ BR ,
(5.3)
where radial un−1,0(x) = uˆn−1,0(x)1−λ1 with λ1 to be determined.
For problem (5.3), there must exist λ¯1 ∈ (δ0,1) such that, if λ1 = λ¯1, then Tn−1 satisﬁes
M j  uˆ j,0(0) + Mq
+
j+1
j+1 M
p+j
j T n−1, j = 1,2, . . . ,n − 4,
Mn−3  uˆn−3,0(0) + 1
1− β ′n−2q+n−2
M
p+n−3
n−3 C
q+n−2
n−2 T
1−β ′n−2q+n−2
n−1 ,
Cn−2  2uˆn−2,0(0)T
β ′n−2
n−1 +
1
β ′n−2
Cˆ
q+n−1
0 Cˆ
p+n−2
n−2 .
For (u1,0,u2,0, . . . ,un,0) ∈V4 satisfying λ1 = λ¯1 and λ2 ∈ (0,1), we have
un−1,0(x) = uˆn−1,0(x)
(1− λ¯1)λ2
 uˆn−1,0(x)
1− λ¯1
for any λ2 ∈ (0,1).
Then un−1,0(x)  un−1,0(x). For (un)t  0, un(0, t)  un,0(0)  uˆn,0(0). By the comparison principle,
un−1  un−1 and T  Tn−1. Hence
M j  uˆ j,0(0) + Mq
+
j+1
j+1 M
p+j
j T , j = 1,2, . . . ,n − 4,
Mn−3  uˆn−3,0(0) + 1
1− β ′n−2q+n−2
M
p+n−3
n−3 C
q+n−2
n−2 T
1−β ′n−2q+n−2 ,
Cn−2  2uˆn−2,0(0)T β
′
n−2 + 1
β ′n−2
Cˆ
q+n−1
0 C
p+n−2
n−2 .
Introduce the second auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n−2)t = u¯n−2 + C
p+n−2
n−2 Cˆ
q+n−1
0 (T − t)−β
′
n−1q
+
n−1−β ′n−2p+n−2 , (x, t) ∈ BR × (0, T ),
u¯n−2 = 0, (x, t) ∈ ∂BR × (0, T ),
u¯n−2(x,0) = u¯n−2,0(x), x ∈ BR ,
(5.4)
where u¯n−2,0(x) = uˆn−2,0(x)λ¯1 for x ∈ BR . By using Green’s identity, one can obtain that
u¯n−2  Cn−2(T − t)−β ′n−2 .
So u¯n−2 satisﬁes that (u¯n−2)t u¯n−2 + u¯
p+n−2
n−2 (0, t)Cˆ
q+n−1
0 (T − t)−β
′
n−1q
+
n−1 for (x, t) ∈ BR × (0, T ). Since
un−1  Cˆ0(T − t)−β ′n−1 , (un−2)t un−2 + u
p+n−2
n−2 (0, t)Cˆ
q+n−1
0 (T − t)−β
′
n−1q
+
n−1 for (x, t) ∈ BR × (0, T ). By
the comparison principle, un−2  u¯n−2  Cn−2(T − t)−β ′n−2 .
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⎧⎪⎨
⎪⎩
(u¯n−3)t = u¯n−3 + M
p+n−3
n−3 C
q+n−2
n−2 (T − t)−β
′
n−2q
+
n−2 , (x, t) ∈ BR × (0, T ),
u¯n−3 = 0, (x, t) ∈ ∂BR × (0, T ),
u¯n−3(x,0) = uˆn−3,0(x), x ∈ BR .
Similarly, one can obtain that un−3  u¯n−3  Mn−3 for (x, t) ∈ BR × (0, T ). And un−4  u¯n−4  Mn−4
for (x, t) ∈ BR × (0, T ) by using the following auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n−4)t = u¯n−4 + M
q+n−3
n−3 M
p+n−4
n−4 , (x, t) ∈ BR × (0,+∞),
u¯n−4 = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n−4(x,0) = u¯n−4,0(x), x ∈ BR .
The boundedness of un−5, un−6, . . ., u1 can be proved, similarly. 
Lemma 5.2. Under the conditions of Theorem 5.1, then, for the ﬁxed λ¯1 ∈ (δ0,1) in Lemma 5.1, there exists
λ′2 ∈ (0,1/2) such that non-simultaneous blowup happens with un−1 and un−2 blowing up while the other
components remaining bounded, where the initial data in V4 satisfying λ1 = λ¯1 and λ2 = λ′2 .
We claim that, under the conditions of Theorem 5.1, if λ1 = λ¯1, then un−1 and un−2 have the
same blowup properties whether un blows up or not. In fact, by Lemma 5.1, one can ﬁnd that
u1,u2, . . . ,un−3 remain bounded. We divide this problem into two cases:
(i) Assume that un−1 blows up.
If un blows up, then un  Cˆ0(T − t)−α′n . Hence, (un−1)t un−1 + Cˆq
+
n
0 (T − t)−q
+
n α
′
nu
p+n−1
n−1 (0, t) for
(x, t) ∈ BR × (0, T ). Due to p+n−1 > 1, un−1(0, t) c(T − t)−α
′
n−1 , and then
un−2(0, t) c
t∫
0
(T − τ )−α′n−1qn−1(r2) dτ .
Since α′n−1qn−1(r2) > 1, un−2 blows up.
If un is bounded, then un−1(0, t) c(T − t)−βn−1 . Hence,
un−2(0, t) c
t∫
0
(T − τ )−βn−1qn−1(r2) dτ .
Due to α′n−1qn−1(r2) > 1, we have βn−1qn−1(r2) > 1, and hence un−2 blows up.
(ii) Assume that un−1 is global. For p+n−2 < 1, un−2 remains global also.
Proof of Lemma 5.2. Take Mn >
2uˆn,0(0)
1−λ¯1 . Introduce the auxiliary problem
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(u¯n)t = u¯n + Mp
+
n
n M
q+1
1 , (x, t) ∈ BR × (0,+∞),
u¯n = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n(x,0) = 2uˆn,0(x)¯ , x ∈ BR .
(5.5)1− λ1
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be determined. There exists some λ′2 ∈ (0,1/2) such that, if λ2 = λ′2, then Tn−1 satisﬁes that
Mn 
2uˆn,0(0)
1− λ¯1
+ Mq
+
1
1 M
p+n
n T n−1.
Similarly to Lemma 5.1, un−1  un−1 and T  Tn−1. Hence
Mn 
2uˆn,0(0)
1− λ¯1
+ Mq
+
1
1 M
p+n
n T .
Now, consider problem (5.5) in [0, T ). By Green’s identity, u¯n  Mn . Then u¯n satisﬁes (u¯n)t u¯n +
M
q+1
1 u¯
p+n
n (0, t) in BR × (0, T ). Due to u1  M1, un satisﬁes (un)t un + Mq
+
1
1 u
p+n
n (0, t) in BR × (0, T ).
By the comparison principle, un  u¯n  Mn in BR × (0, T ). So un−1 and un−2 blows up. 
Lemma 5.3. Assume the conditions of Theorem 5.1 hold. For the ﬁxed λ¯1 ∈ (1/2,1) in Lemma 5.1, there exists
λ′′2 ∈ (1/2,1) such that only un blows up with the initial data in V4 satisfying λ1 = λ¯1 and λ2 = λ′′2 .
The proof of Lemma 5.3 is similar to Lemma 3.3 in [17]. We omit the detail here.
Lemma 5.4. (i) The set of initial data in V3 such that un blows up while the others remain bounded is open in
L∞-topology.
(ii) The set of initial data in V3 for small R such that un−1 and un−2 blow up while the others remain
bounded is open in L∞-topology.
Proof. We only prove case (ii), and case (i) can be proved similarly. Let (u1,u2, . . . ,un) be a solution
of (1.1) with initial data (u1,0,u2,0, . . . ,un,0) in V3 such that un−1 and un−2 blow up simultaneously
at t = T while the other components remain bounded, say 0 < 2ξ  u1,u2, . . . ,un−3,un  M . It suf-
ﬁces to ﬁnd an L∞-neighborhood of (u1,0,u2,0, . . . ,un,0) in V3 such that any solution (uˆ1, uˆ2, . . . , uˆn)
of (1.1) coming from this neighborhood maintains the property that uˆn−1 and uˆn−2 blow up simulta-
neously while the others remain bounded.
Take S j > M + ξ , j = 1,2, . . . ,n − 3,n. Let (u˜1, u˜2, . . . , u˜n) be the solution of
⎧⎪⎨
⎪⎩
(u˜ j)t = u˜ j + u˜p j(x)j (0, t)u˜
q j+1(x)
j+1 (0, t), (x, t) ∈ BR × (0, T0),
u˜ j = 0, (x, t) ∈ ∂BR × (0, T0),
u˜ j(x,0) = u˜ j,0(x), x ∈ BR , j = 1,2, . . . ,n,
(5.6)
where radial (u˜1,0, u˜2,0, . . . , u˜n,0) ∈ V0 is to be determined. For u˜n−1(0, t)  Cˆ0(T0 − t)−β ′n−1 , by
Green’s identity, we have
u˜n−2(0, t) η0u˜n−2(0, t) +
u˜
p+n−2
n−2 (0, t)Cˆ
q+n−1
0
β ′n−2(1− p+n−2)
(T0 − t)−β ′n−2(1−p+n−2),
where
∫
BR
Γ dy = η0 < 1. Denote
N (u1,0,u2,0, . . . ,un,0)
= {(u˜1,0, u˜2,0, . . . , u˜n,0) ∈V0 ∣∣ ∥∥u˜ j,0(x) − u j(x, T − ε0)∥∥ < ξ, j = 1,2, . . . ,n}.∞
4498 B. Liu, F. Li / J. Differential Equations 252 (2012) 4481–4502For ﬁxed ξ > 0, there exists ε0 > 0 such that, if (u˜1,0, u˜2,0, . . . , u˜n,0) ∈N (u1,0,u2,0, . . . ,un,0), then T0
satisﬁes
Sn−3  M + ξ +
S
p+n−3
n−3 S
q+n−2
n−2
1− q+n−2β ′n−2
T
1−q+n−2β ′n−2
0 ,
S j  M + ξ + Sq
+
j+1
j+1 S
p+j
j T0, j = n − 4,n − 5, . . . ,1,n,
where Sn−2 is deﬁned in
u˜n−2(0, t) (1− η0)
− 1
1−p+n−2
(
Cˆ
qn−1
0
β ′n−2(1− p+n−2)
) 1
1−p+n−2 (T0 − t)−β ′n−2 := Sn−2(T0 − t)−β ′n−2 .
Consider the auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n−3)t = u¯n−3 + Sp
+
n−3
n−3 S
q+n−2
n−2 (T0 − t)−q
+
n−2β ′n−2 , (x, t) ∈ BR × (0, T0),
u¯n−3 = 0, (x, t) ∈ ∂BR × (0, T0),
u¯n−3(x,0) = u˜n−3,0(x), x ∈ BR .
By Green’s identity, u¯n−3  Sn−3. Then
(u¯n−3)t u¯n−3 + u¯p
+
n−3
n−3 (0, t)S
q+n−2
n−2 (T0 − t)−q
+
n−2β ′n−2 , (x, t) ∈ BR × (0, T0).
u˜n−3 satisﬁes (u˜n−3)t u˜n−3 + u˜p
+
n−3
n−3 (0, t)S
q+n−2
n−2 (T0 − t)−q
+
n−2β ′n−2 , (x, t) ∈ BR × (0, T0). By the compar-
ison principle, u˜n−3  u¯n−3  Sn−3.
Introduce the following auxiliary problem
⎧⎪⎨
⎪⎩
(u¯n−4)t = u¯n−4 + Sp
+
n−4
n−4 S
q+n−3
n−3 , (x, t) ∈ BR × (0,+∞),
u¯n−4 = 0, (x, t) ∈ ∂BR × (0,+∞),
u¯n−4(x,0) = u˜n−4,0(x), x ∈ BR .
By Green’s identity, u¯n−4  Sn−4 in BR × (0, T0). So
(u¯n−4)t u¯n−4 + Sq
+
n−3
n−3 u¯
p+n−4
n−4 (0, t), (x, t) ∈ BR × (0, T0).
For u˜n−3  Sn−3, (u˜n−4)t  u˜n−4 + Sq
+
n−3
n−3 u˜
p+n−4
n−4 (0, t), (x, t) ∈ BR × (0, T0). So u˜n−4  u¯n−4  Sn−4,
(x, t) ∈ BR × (0, T0). The boundedness of u˜i , i = n − 5,n − 6, . . . ,1,n can be proved similarly. By the
similar method used in Lemma 5.2, u˜n−1 and u˜n−2 blow up simultaneously at time T0.
According to the continuity on initial data for bounded solutions, there must exist a neighborhood
N(⊂ V0) of (u1,0,u2,0, . . . ,un,0) such that every solution (uˆ1, uˆ2, . . . , uˆn) starting from the neighbor-
hood will enter N (u1,0,u2,0, . . . ,un,0) at time T − ε0, and hence keeps the property that uˆn−1 and
uˆn−2 blow up while the other components remain bounded. So there must exist a neighborhood
N1(⊂ N) in V3 such that any solution coming from it blows up with uˆn−1 and uˆn−2 blowing up
simultaneously and the other components remaining bounded. 
Proof of Theorem 5.1. Lemma 5.1 says that there exists λ¯1 ∈ (δ0,1) such that, if λ1 = λ¯1, any blowup
must be non-simultaneous blowup with u j ( j = 1,2, . . . ,n − 3) remaining bounded. We know from
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satisfying λ1 = λ¯1 and λ2 = λ′2 blows up non-simultaneously, where un−1,un−2 blow up simultane-
ously and the others are bounded. Lemma 5.3 guarantees that there exists λ′′2 ∈ (1/2,1) such that
un blows up alone with the initial data in V4(δ0) where λ1 = λ¯1 and λ2 = λ′′2. One can check from
Lemma 5.4, if λ1 = λ¯1, the sets of the initial data in V4(δ0) such that only un−1,un−2 blow up simul-
taneously and that un blows up alone are all open. Notice that V4(δ0) is connected. So there must
exist initial data (suitable λ¯2 ∈ (λ′2, λ′′2)) such that un , un−1, and un−2 blow up simultaneously while
the others remain bounded. 
6. Proofs of Theorems 2.4–2.6
Now we prove Theorem 2.4. Without loss of generality, we prove the case i = n by three lemmas.
So αn = 1p+n −1 . The ﬁrst lemma deals with the subcase k = 0.
Lemma 6.1. If p+m  1 < p+n , m = 1,2, . . . ,n − 1, and q+n αn < 1, then any blowup must be the case of only
un blowing up.
Proof. we ﬁrst claim that, if blowup happens, un must be the blowup component. Otherwise,
u1,u2, . . .un−1 would remain bounded also for p+m  1, m = 1,2, . . . ,n − 1. It is a contradiction.
Next, we will show that u1,u2, . . .un−1 remain bounded. For p+n > 1, and q+n αn < 1, there exist
constants ε3 ∈ (0,1) and r3 ∈ (0, R) such that α′n = 1pn(r3)−1 > 0, q+n α′n < 1, and hence un  C(T −t)−α
′
n
by Lemma 4.1. By Green’s identity, for 0 < z < t < T ,
Un−1(t) Un−1(z) + CU p
+
n−1
n−1 (t)(T − z)1−q
+
n α
′
n .
We claim that un−1 remains bounded up to blowup time T . Otherwise, there would exist z j → T such
that C(T − z j)1−q+n α′n < 1/4, Un−1(z j) > 1, Un−1(z j) → +∞ as j → +∞. Take t j such that Un−1(z j) =
Un−1(t j)/2. It is a contradiction: Un−1(t j)/2 < Un−1(t j)/4. Then um , m = n − 2,n − 3, . . . ,1 remain
bounded for p+m  1, recursively. 
We prove the subcase k = 1. One can obtained the results for the subcases k ∈ {2,3, . . . ,n − 2},
similarly.
Lemma 6.2. If p+m  1 < p+n , m = 1,2, . . . ,n − 2, p+n−1 < 1, αn−1 := 1−q
+
n αn
p+n−1−1
> 0, and q+n−1αn−1 < 1, then
any blowup must be the case of only un−1 and un blowing up simultaneously.
Proof. One can easily check that there exist constants ε4 ∈ (0,1) and r4 ∈ (0, R) such that
α′n =
1
pn(r4) − 1 > 0, α
′
n−1 =
1− q+n α′n
p+n−1 − 1
> 0, q+n−1α
′
n−1 < 1, qn(r4)αn > 1,
and
u j,0(x) + up j(x)j,0 (0)u
q j+1(x)
j+1,0 (0) ε4ϕ(x)u
p j(r4)
j,0 (0)u
q j+1(r4)
j+1,0 (0)
in Br4 for j = n − 1,n.
We claim that un is the blowup component. If not, the other components would remain
bounded for p+m  1, m = 1,2, . . . ,n − 2, and p+n−1 < 1, a contradiction. We say un−1 is also a
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isﬁes (Un)t(t)  Cq
+
1 U p
+
n
n (t). Hence, Un(t)  Un(z) + C(T − z)U p
+
n
n (t). Since un blows up, one can
take z such that 2Un(z) = Un(t) for t near T . Then Un(z)  c(T − z)−αn . By Lemma 4.1, we have
Un−1(t) c
∫ t
0 (T − τ )−qn(r4)αn dτ . The boundedness of Un−1(t) requires 1 > qn(r4)αn , a contradiction.
So both un−1 and un are the blowup components if blowup occurs.
Now, we prove the boundedness of u1, . . . ,un−2. We know from Lemma 4.1 that Un(t) 
C(T − t)−α′n . Combining Green’s identity, we have
Un−1(t) Un−1(z) + C(T − z)1−q+n α′nU p
+
n−1
n−1 (t).
Take z such that Un−1(z) = 14Un−1(t). Then Un−1(t) C(T − t)−α
′
n−1 . Similar to Step 2 of Lemma 6.1,
one can obtain that un−2 is bounded, and so um do for p+m  1, m = n − 2,n − 3, . . . ,1. 
Then we prove the subcase k = n − 1.
Lemma 6.3. If p+j < 1 < p
+
n , α j :=
1−q+j+1α j+1
p+j −1
> 0, j = 1,2, . . . ,n − 1, then any blowup must be the case of
u1,u2, . . . ,un blowing up simultaneously.
Proof. One can easily check that there exist constants ε5 ∈ (0,1) and r5 ∈ (0, R) such that
α′n−1 =
1− qn(r5)αn
p+n−1 − 1
> 0, α′j =
1− q j+1(r5)α′j+1
p+j − 1
> 0, j = n − 2,n − 3, . . . ,1,
u j,0(x) + up j(x)j,0 (0)u
q j+1(x)
j+1,0 (0) εϕ(x)u
p j(r5)
j,0 (0)u
q j+1(r5)
j+1,0 (0)
in Br5 for j = n− 1,n− 2, . . . ,1. We claim that, if the solution blows up, then un is a blowup compo-
nent. Otherwise, un−1,un−2, . . . ,u1 would remain bounded. Next, we prove un−1 also blow up. If not,
un−2,un−3, . . . ,u1 would be bounded up to blowup time T . Let u1  C . It is easy to get from Green’s
identity that Un(t)  c(T − t)−αn . Combining the lower estimate of Un(t) with Lemma 4.1, we have
Un−1(t) c
∫ t
0 (T −τ )−qn(r5)αn dτ . The boundedness of Un−1(t) requires that 1> qn(r5)αn , so α′n−1 < 0,
a contradiction. Then un−1 must blow up and Un−1(t) c(T − t)−α′n−1 . By the similar method, we ob-
tain that um , m = n − 2,n − 3, . . . ,1 must be the blowup component. That means u1,u2, . . . ,un must
blow up simultaneously. 
Till now, Theorem 2.4 is proved.
We use two lemmas to prove Theorem 2.5. Without loss of generality, we only give the proof for
i = n − 1. So βn−1 = 1p+n−1−1 . First, we deal with the subcase k = 0.
Lemma 6.4. Assume p+m  1 < p+n−1 , m = 1,2, . . . ,n − 2. If q+n−1βn−1 < 1 and 1 < p+n < q+n + 1, then any
blowup must be the case of only un−1 blowing up.
Proof. One can easily check that there exist constants ε6 ∈ (0,1) and r6 ∈ (0, R) such that β ′n−1 =
1
pn−1(r6)−1 > 0, q
+
n−1β ′n−1 < 1, p+n  qn(r6) + 1, and
un−1,0(x) + upn−1(x)n−1,0 (0)uqn(x)n,0 (0) ε6ϕ(x)upn−1(r6)n−1,0 (0)uqn(r6)n,0 (0)
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bounded up to blowup time T if blowup occurs. One can prove Un−1(t) C(T −t)−β ′n−1 by Lemma 4.1.
By Green’s identity on un−2, we have
Un−2(t) Un−2(z) + C∗U p
+
n−2
n−2 (t)(T − z)1−q
+
n−1β ′n−1 .
Similarly to Lemma 6.1, we obtain that un−2 is bounded up to time T . Combining with p+m  1,
m = 1,2, . . . ,n − 3, the boundedness of un−3,un−4, . . . ,u1 are obtained recursively.
Secondly, we will prove that un also remains bounded up to time T . Assume un blows up at T . By
the boundedness of u1, we obtain Un(t) c(T − t)
− 1
p+n −1 . By Lemma 4.1,
Un−1(t) c
t∫
0
U
pn−1(r6)
n−1 (τ )
(T − τ )
qn(r6)
p+n −1
dτ := cW (t). (6.1)
It is easy to see that W (t) blows up at time T . By (6.1), W−pn−1(r6)(t)W ′(t) c(T − t)−
qn(r6)
p+n −1 . Integrat-
ing the above inequality from T /2 to t , we have
1
pn−1(r6) − 1
(
W 1−pn−1(r6)
(
T
2
)
− W 1−pn−1(r6)(t)
)
 c
t∫
T
2
(T − τ )−
qn(r6)
p+n −1 dτ := I(t). (6.2)
For p+n  qn(r6) + 1, I(t) → +∞ as t → T . It is a contradiction to the boundedness of the left part of
(6.2). So un still remains bounded up to time T . Then only un−1 blows up. 
Second, we consider subcase k = 1 of Theorem 2.5. The other subcases of k can be proved similarly.
Lemma 6.5. If p+m  1 < p+n−1 , m = 1,2, . . . ,n − 3, p+n−2 < 1, 1 < p+n < q+n + 1, βn−2 :=
1−q+n−1βn−1
p+n−2−1
> 0,
q+n−2βn−2 < 1, then any blowup must be the case of only un−2 and un−1 blowing up simultaneously while the
other (n − 2) components remaining bounded.
Proof. One can easily check that there exist constants ε7 ∈ (0,1) and r7 ∈ (0, R) such that
β ′n−1 =
1
pn−1(r7) − 1 > 0, β
′
n−2 =
1− q+n−1β ′n−1
1− p+n−2
> 0,
q+n−2β
′
n−2 < 1, p+n  qn(r7) + 1, qn−1(r7)βn−1 < 1,
and
u j,0(x) + up j(x)j,0 (0)u
q j+1(x)
j+1,0 (0) ε7ϕ(x)u
p j(r7)
j,0 (0)u
q j+1(r7)
j+1,0 (0)
in Br7 for j = n − 1,n − 2. Assume blowup occurs. We claim that whether un−2 is bounded or not,
u1 is always bounded. If un−2 is bounded up to blowup time T , then un−3,un−4, . . . ,u1 are bounded
4502 B. Liu, F. Li / J. Differential Equations 252 (2012) 4481–4502also. Assume un−2 blows up at T . By Lemma 4.1, we have Un−1(t) C(T − t)−β ′n−1 . Combining Green’s
identity with the upper estimate of un−1, we have
Un−2(t) Un−2(z) + CU p
+
n−2
n−2 (t)(T − t)1−q
+
n−1β ′n−1 , 0 < z < t < T .
Take z such that Un−2(z) = Un−2(t)/4, then Un−2(t) C(T − t)−β ′n−2 . So
Un−3(t) Un−3(z) + CU p
+
n−3
n−3 (t)(T − z)1−q
+
n−2β ′n−2 .
Similarly to Lemma 6.1, we obtain un−3 is bounded. Then un−4,un−5, . . . ,u1 are bounded for
p+n−4, p
+
n−5, . . . , p
+
1  1.
By the similar method used in Lemma 6.4, one can check that un also remains bounded up to T .
It is easy to see that un−1 is the blowup component. In fact, if un−1 remains bounded up to T , then
un−2 will be bounded also for p+n−2 < 1, a contradiction with at least one component blowing up. By
the method of Lemma 6.2, we obtain the blowup property of un−2. 
Proof of Theorem 2.6. Without loss of generality, assume un would remain bounded up to the blowup
time T . Then the others would be bounded also for p+i  1, i = 1,2, . . . ,n − 1. Due to
∏n
j=1 q
+
j −∏n
j=1(1− p+j ) > 0, it contradicts to Theorem 2.1. 
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